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1 Plain-vanilla mortgages

What is the (constant) monthly payment C on a 6.5% (a = 0.065) 30 year plain vanilla mortgage
for the amount Py? At the end of the k™" payment, assuming no early payments of principal, what
is the equity Ei in the property? To answer these questions we shall assume that the principal
is Po and that the interest rate a refers to the payment calculated on the unpaid portion of the
principal. Thus if the balance of the principal remaining after payment n is By, then the interest
portion of the n + 15t payment is In+1 = %Bn and the portion Dp+1 = C — I+ is the portion
which goes toward reducing the principal. The equity after n payments is therefore

En:D1+D2+Dn

and the balance remaining is B, = Po — E. Under the assumptions, setting By = Pg, one has for
n=1
Bn =yBn-1 —C,
where y = 1+ a/12. This is a consequence of the fact that
a

a
In - E(PO Dl ---Dn—l) - E

Bn—l
and
Bn = Po—En
= Po—En-1—Dn
a
= B,_1—C+ —B—
n—1 C 12 n—1
a
= + — 1 —0C.
(1 12)Bn 1—C
Consider solving the di Lerknce equation
Bn —yBn-1+C =0. (€Y)
We seek a solution in the form B, = UA" +V and find that in this case

UAN""TA—y)+V —yV +C =0.
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Thus for any U choosing A=y andV = % yields a solution to (1). The solution we seek has the
boundary condition By = 0, where N is the number of payments (12 x 30 for a thirty year plain
vanilla mortgage). Thus since

C
=uUy"+ —_
n Y y—1
one has U = —%y_'\' so that the unpaid balance on the principal after the nt" payment is
C
Bh=——(1—-y"™M). 2
v (Rl A @
Since we know
C = Di1+1h
= Pp—Bi1+11
_ C

_ a
= Po L=y + SPg

y—1 12

_ _ C _ vyl—N
= YPo Vjia Yy ),

we have, solving the latter for C that

_ yvl—N
cp+ 1Y

ﬁ] = YPo,

or c
—yv—Ny —
Y 1\/(1 y ) =yPo.

It follows that the fixed payment amounts are

_ y—1
C=1r P 3)

For our a x 100% 30 year mortgage this is

1 + 9360
C= _G —( alZ) Po.

Combining (2) and (3) one has the expression of the equity after the nt" payment as

n—N _ yn_l

= N1

Y
y—N
One can employ the calculator in the finance section at URL.: http://www.opti-stat.net to compute

answers to our opening questions. The monthly payment on an amount Py = $200,000 is C =
$1, 264.14 while, for example, the equity at 5 years is Egg = $12, 778.05.
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EnZPO_BnZPO_l_ Po Po.


http://www.opti-stat.net/~alex/cgph/finance/access/MortgageCalculator.html

